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Abstract
We analyse the one-loop effective action of N = 4 SYM theory in the framework
of the background field formalism in N = 2 harmonic superspace. For the case of
on-shell background N = 2 vector multiplet we prove that the effective action is
free of harmonic singularities. When the lowest N = 1 superspace component of the
N = 2 vector multiplet is switched off, the effective action of N = 4 SYM theory
is shown to coincide with that obtained by Grisaru et al on the base of the N = 1
background field method. We compute the leading non-holomorphic corrections to
the N = 4 SU(2) SYM effective action.
1 Introduction
Harmonic superspace approach [1] is the only manifestly N = 2 supersymmetric for-
malism developed which makes it possible to describe general N = 2 super Yang-Mills
theories in terms of unconstrained superfields and with explicitly realized authomorphism
SU(2)R symmetry of the N = 2 Poincare´ superalgebra. The Feynman rules in harmonic
superspace [2] have been successfully applied to compute the holomorphic corrections
to the effective action of N = 2 Maxwell multiplet coupled to the charged matter q–
hypermultiplet [3, 4] as well as the induced hypermultiplet self-coupling [5]. Recently we
have developed the background field method in harmonic superspace [6] and applied it
to rigorously prove the N = 2 non-renormalization theorem [7]. The background field
formalism along with the results of Ref. [3] allowed us to derive Seiberg’s holomorphic
action F(W) for N = 2 SU(2) SYM theory [8] for the first time directly in N = 2 su-
perspace (see Refs. [9, 10] for N = 1 calculations). However, there appeared some puzzle
with computing the leading non-holomorphic correction H(W, W¯), which we are going to
describe a bit later.
In the Coulomb branch of N = 2 SU(2) SYM theory [11], the effective action Γ[W, W¯ ]
is a functional of the Abelian N = 2 strength W and its conjugate W¯. Assuming the
validity of momentum expansion, one can present Γ[W, W¯ ] in the form
Γ[W, W¯ ] =
(∫
d4θd4θL(c)eff + c.c.
)
+
∫
d4xd8θLeff . (1)
Here the chiral effective Lagrangian L(c)eff is a local function of W and its space-time
derivatives, L(c)eff = F(W) + . . . , and the higher-derivative effective Lagrangian Leff
is a real function of W, W¯ and their covariant derivatives, Leff = H(W, W¯) + . . . The
possibility of non-nolomorphic quantum correctionsH(W, W¯) was first pointed out in [12].
In the case of N = 4 SYM theory realized in N = 2 superspace, H(W, W¯) constitutes
the leading quantum correction and should have the following structure [13] (see also [9])
H(W, W¯) = c lnW
2
Λ2
ln
W¯2
Λ2
(2)
with some constant c. There are strong indications that in N = 4 SYM theory H(W, W¯)
perturbatively is a pure one-loop effect [13] (see also [7]), and nonperturbative corrections
vanish [14]. The explicit value of c was given in [15] to be the result of supergraph
calculations with use of the N = 1 background field formalism
c =
1
4(4pi)2
. (3)
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Indirect calculations in projective superspace [16] led to the same value for c (the authors
of Ref. [16] computed in fact the low-energy hupermultiplet action, and then identi-
fied it with that corresponding to the vector multiplet) 1. What happens in harmonic
superspace?
It turns out that the one-loop supergraphs contributing to H(W, W¯) in the harmonic
superspace approach contain coinciding harmonic singularities, that is harmonic distri-
butions at coinciding points. The problem of coinciding harmonic singularities in the
framework of harmonic supergraph Feynman rules was first discussed in [17]. Such sin-
gularities have no physical origin, in contrast to ultraviolet divergences. They can appear
only at intermediate stages of calculation and should cancel each other in the final ex-
pressions for physical quantities. But it is clear that one should very carefully handle the
relevant supergraphs in order to result in correct amplitudes. We should stress that the
problem in field seems to be equally well characteristic of the Feynman rules in N = 2
projective superspace [18], since the structure of projective propagators is very similar to
that of harmonic ones. The origin of this problem is an infinite number of internal degrees
of freedom associated with the bosonic internal coordinates.
To get rid of the one-loop coinciding harmonic singularities, in [6] we introduced, as is
generally accepted in quantum field theory, some regularization of harmonic distributions.
Unfortunately, this regularization proves to be unsuccessful; its use led us to the wrong
conclusion H(W, W¯) = 0. In a sense, the situation in hand is similar to that with the well-
known supersymmetric regularization via dimensional reduction which leads to obstacles
at higher loops. The harmonic regularization we used turned out to be improper already
at the one-loop level 2.
In the present paper we demonstrate that the one-loop coinciding harmonic singulari-
ties are easily factorized in the case with the background N = 2 vector multiplet on-shell.
Such a choice of background superfields is by no means critical, but it leads to a number
of technical simplifications. When the N = 1 chiral scalar part of the N = 2 vector
multiplet is switched off, we show that the effective action of N = 4 SYM, which is de-
rived in the framework of the background field formalism in N = 2 harmonic superspace,
coincides with that obtained on the base of N = 1 background field formalism [19]. We
also compute the leading non-holomorphic corrections (2) to the effective action of N = 4
1The value for c given in the first version of [16] had opposite sign as compared with (3).
2We would like to emphasize that the problem of coinciding harmonic singularities is associated only
with perturbative calculations of the effective action and has no direct relation to the N = 2 background
field method itself.
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SU(2) SYM theory and obtain the correct value of c (3).
The paper is organized as follows. In section 2 we describe the factorization of har-
monic singularities and obtain a useful representation for the effective action of N = 4
SYM in terms of constrained N = 2 superfields. In section 3 we fulfil the reduction to
N = 1 superfields and establish the fact that the two background field formalisms, in
N = 2 harmonic superspace and in N = 1 superspace, lead to the same one-loop effective
action for N = 4 SYM. In section 4 we compute H(W, W¯). This paper is as a direct
continuation of our work [6]. The conventions we follow are those of Refs. [6, 7] with
the only exclusion: here we denote the analytic subspace measure by dζ (−4), instead of
notation dζ (−4)du used in [6, 7].
2 Elimination of harmonic singularities
According to the results of Ref. [6], the purely Yang-Mills part Γ(1)[V ++] of the one-loop
effective action Γ(1) in a general N = 2 SYM theory is given by
Γ(1)[V ++] =
i
2
Tr (2,2) ln
⌢
✷λ − i
2
Tr (4,0) ln
⌢
✷λ
+iTr Rq ln(∇++) +
i
2
Tr Rω ln(∇++)2 −
i
2
Tr ad ln(∇++)2 . (4)
Here
⌢
✷ is the analytic d’Alembertian which reads in the τ -frame as follows
⌢
✷ = DmDm + i
2
(D+αW )D−α +
i
2
(D¯+α˙ W¯ )D¯−α˙ −
i
4
(D+αD+αW )D−−
+
i
8
[D+α,D−α ]W +
1
2
{W¯ ,W} . (5)
The contributions in the first line of eq. (4) come from the following path integrals
(
Det(2,2)
⌢
✷λ
)−1
=
∫
Dv++Du++ exp
{
−i tr
∫
dζ (−4) v++
⌢
✷λ u
++
}
(6)
(
Det(4,0)
⌢
✷λ
)−1
=
∫
Dρ(+4)Dσ exp
{
−i tr
∫
dζ (−4) ρ(+4)
⌢
✷λ σ
}
(7)
over unconstrained bosonic analytic real superfields v++, u++ and ρ(+4), σ. The contri-
butions in the second line of eq. (4) correspond to the matter q–hypermultiplets (in a
complex representation Rq of the gauge group) and ω–hupermultiplets (in a real represen-
tation Rω) as well as to the ghost superfields transforming in the adjoint representation.
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In the case of N = 4 SYM theory realized in N = 2 harmonic superspace [2] the
matter sector is formed by a single ω–hypermultiplet in the adjoint representation, hence
the one-loop effective action (4) turns into
Γ
(1)
N=4 =
i
2
Tr (2,2) ln
⌢
✷λ − i
2
Tr (4,0) ln
⌢
✷λ . (8)
A simple inspection of harmonic supergraphs shows that both contributions to Γ
(1)
N=4
contain harmonic singularities. On general grounds, the singular parts of Tr (2,2) ln
⌢
✷λ and
Tr (4,0) ln
⌢
✷λ should cancel each other. Complete factorization of harmonic singularities
can be most simply established in the case when the background N = 2 gauge superfield
is chosen on-shell
Dα(iDj)αW = 0 (9)
what we assume below. A more complete analysis will be given somewhere else. Under
requirement (9) the operators D++ and ⌢✷, which move every analytic superfield into
analytic ones, commute as a consequence of the identity (given in the τ -frame)
[D++,⌢✷]Φ(q) = i
4
(1− q)(D+αD+αW ) Φ(q) (10)
for an arbitrary analytic superfield Φ(q) with U(1) charge q.
Let us consider the following non-degenerate replacement of variables
v++ = F++ +∇++σ
u++ = G++ +∇++
∫
dζ˜ (−4) G(0,0)(ζ, ζ˜)ρ(+4)(ζ˜) (11)
where v++, u++ and σ, ρ(+4) are unconstrained analytic real superfields, while the analytic
real superfields F++ and G++ are constrained to be covariantly linear
∇++F++ = 0 ∇++G++ = 0 . (12)
The Green’s functionG(0,0)(ζ1, ζ2) is the Feynman propagator of ω–hypermultiplet coupled
to the N = 2 gauge superfield. It satisfies the equation
(∇++1 )2G(0,0)(1, 2) = −δ(4,0)A (1, 2) (13)
and reads most simply in the τ–frame [7]
G(0,0)τ (1, 2) =
1
⌢
✷1
−→
(D+1 )4
{
δ12(z1 − z2) (u
−
1 u
−
2 )
(u+1 u
+
2 )
3
} ←−
(D+2 )4 . (14)
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We fulfil the replacement of variables (11) in the path integral
1 =
∫
Dv++Du++ exp
{
i tr
∫
dζ (−4) v++ u++
}
. (15)
Denoting by J the corresponding Jacobian, we get
1 = J
∫
Dρ(+4)Dσ exp
{
i tr
∫
dζ (−4) ρ(+4) σ
}
×
∫
DF++DG++ exp
{
i tr
∫
dζ (−4) F++ G++
}
= J
∫
DF++DG++ exp
{
i tr
∫
dζ (−4)F++ G++
}
. (16)
Now, we fulfil the same replacement of variables in (6)
(
Det(2,2)
⌢
✷λ
)−1
= J
∫
Dρ(+4)Dσ exp
{
−i tr
∫
dζ (−4) ρ(+4)
⌢
✷λ σ
}
×
∫
DF++DG++ exp
{
−i tr
∫
dζ (−4)F++⌢✷λ G++
}
. (17)
Expressing here J as in eq. (16) and making use of (7), we then result in
exp{2i Γ(1)N=4} =
∫ DF++DG++ exp {−i tr ∫ dζ (−4)F++⌢✷λ G++}∫ DF++DG++ exp {i tr ∫ dζ (−4)F++ G++} . (18)
It is not difficult to obtain another representation for the effective action
exp{i Γ(1)N=4} =
∫ DF++ exp {− i
2
tr
∫
dζ (−4) F++⌢✷λF++
}
∫ DF++ exp { i
2
tr
∫
dζ (−4)F++F++
} (19)
which will be the starting point for our further analysis.
Both functional integrals in the r.h.s. of (19) are carried out over constrained analytic
superfields depending on the background gauge superfield. In particular, the functional
measure DF++ depends nontrivially on the gauge superfield. But the relevant constraint
∇++F++ = D++F++ + i [V ++,F++] = 0 (20)
can be solved in terms of a V ++ independent linear analytic superfield F++
D++F++ = 0 (21)
as a power series in V ++
F++ = F++ +
∞∑
n=1
AnF++ (22)
5
where the operator A transforms any analytic superfield φ++(ζ) into an analytic one and
is defined by
Aφ++(ζ) = i D++
∫
dζ˜ (−4)G(0,0)(ζ, ζ˜)[V ++(ζ˜), φ++(ζ˜)] . (23)
Here G(0,0)(1, 2) is the free ω–hypermultiplet propagator [2] and it can be obtained from
(14) by switching off the background gauge superfield. Of course, the functional integra-
tion measures DF++ and DF++ are related by some V ++ dependent Jacobian, but the
latter drops out of the r.h.s. of (19). Therefore, we can simply replace DF++ in the r.h.s.
of (19) by DF++ and then pertubatively compute both functional integrals by properly
defining the relevant free propagators. This is a simple task after heroic efforts undertaken
by the projective superspace group [18] on working out the propagators of constrained
superfields. For example, the propagator corresponding to a free tensor multiplet with
action [20]
S =
1
2
∫
dζ (−4)(F++)2 (24)
reads
< F++(1)F++(2) >= i Π(2,2)(1, 2)
Π(2,2)(1, 2) = −(D
+
1 )
4(D+2 )
4
✷1
1
(u+1 u
+
2 )
2
δ12(z1 − z2) (25)
with Π(2,2)(1, 2) the projector operator [2] for the analytic superfields constrained by (21).
The main advantage of representation (19) is that it contains no harmonic singularities.
The integration in (19) is in fact carried out over ordinary N = 2 constrained superfields
coupled to the super Yang-Mills multiplet. This becomes obvious in the τ–frame in which
F++ reads
F++τ = F ij(z)u+i u+j (26)
where the u–independent isovector F ij is real
F ij = Fij (27)
and satisfies the constraints
D(iαF jk) = D¯(iα˙F jk) = 0 . (28)
Because of (9), the operator
⌢
✷ moves the space of such superfields into itself
⌢
✷F ij =
(
DaDa + 1
2
{W, W¯}
)
F ij
+
i
3
(Dα(iW ) · Dα|k|F j)k + i
3
D¯(iα˙W¯ · D¯α˙|k|F j)k . (29)
At the same time the representation (19) allows us to make a simple reduction to N = 1
superspace.
6
3 Reduction to N = 1 superfields
We introduce the Grassmann coordinates of N = 1 superspace (θα, θ¯α˙) as part of those
(θαi , θ¯
j
α˙) parametrizing its N = 2 extension
θα = θα1 θ¯α˙ = θ¯
1
α˙ (30)
and define N = 1 projections of N = 2 superfields by the standard rule
U | = U(xm, θαi , θ¯jα˙)|θ2=θ¯2=0 . (31)
The N = 1 gauge covariant derivatives are
Dα = D1α| = D1α + i A1α| D¯α˙ = D¯α˙1 | = D¯α˙1 + i A¯α˙1 | . (32)
The covariantly chiral N = 2 strength W leads to the two N = 1 superfields
Φ = W | D¯α˙Φ = 0
2i Wα = D2αW | D¯α˙Wα = 0 (33)
which are covariantly chiral, and Wα satisfies the Bianchi identity
DαWα = D¯α˙W¯ α˙ . (34)
The algebra of N = 1 derivatives reads
{Dα, D¯α˙} = −2i Dαα˙ {Dα,Dβ} = {D¯α˙, D¯β˙} = 0
[Dαα˙,Dβ] = −2i εαβW¯α˙ [Dαα˙, D¯β˙] = −2i εα˙β˙Wα . (35)
One of the N = 1 counterparts of requirement (9) is
DαWα = [Φ¯,Φ] . (36)
The N = 1 projections of the superfield F ij constrained by eqs. (27) and (28) are
Ψ = F22| Ψ¯ = F11| F = F¯ = −2iF12| (37)
and satisfy the constraints
D¯α˙Ψ = 0 − 1
4
D¯2F + [Φ,Ψ] = 0 . (38)
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Therefore, Ψ is a covariantly chiral superfield, while the real superfield F is subject to a
modified linear constraint.
To reduce the actions arising in the r.h.s. of (19) to N = 1 superfields, we can go on
as follows. Let L(+4)(ζ) be a gauge invariant real analytic superfield constrained by
D++L(+4) = 0 . (39)
Such a superfield can be represented in the form
L(+4)(ζ) = Lijkl(z)u+i u
+
j u
+
k u
+
l (40)
where the u–independent superfield Lijkl satisfies the constraints
D(i1α L
i2···i5) = D¯(i1α˙ L
i2···i5) = 0 . (41)
These constraints imply
∫
dζ (−4)L(+4) = 6
∫
d8zL1122| d8z = d4xd2θd2θ¯ (42)
with d8z being the full N = 1 superspace measure. In the role of L(+4) we choose
L(+4) = tr (F++G++) = tr (F++τ G++τ ) (43)
with analytic superfields F++ and G++ constrained as in (12). Then we get
tr
∫
dζ (−4)F++G++ = tr
∫
d8z
(
F11| G22|+ G11| F22|+ 4F12| G12|
)
. (44)
To compare our N = 2 superspace results for the one-loop effective action of N = 4
super Yang-Mills theory with those derived in N = 1 superspace [19], we switch off the
lowest N = 1 superspace component of the N = 2 vector multiplet by setting
Φ = 0 . (45)
Then eq. (29) takes the form
(⌢
✷F ij
)
| = ∼✷F ij| ∼✷ = DaDa −W αDα + W¯α˙D¯α˙ . (46)
As is seen, the operator
∼
✷ does not mix the components of F ij|. It is not surprising, but
nevertheless very important that
∼
✷ is exactly the operator which enters the quadratic
8
part of quantum gauge superfield action in the N = 1 background field approach [19].
Now, eq. (19) turns into
exp{i Γ(1)N=4} =
∫ DΨ¯DΨDF exp {i tr ∫ d8z (−Ψ¯∼✷Ψ+ 1
2
F
∼
✷F
)}
∫ DΨ¯DΨDF exp {i tr ∫ d8z (Ψ¯Ψ− 1
2
F 2
)} . (47)
It should be remarked that here F is a covariantly linear superfield, as a consequence of
eqs. (38) and (45).
Let us recall the path-integral representation for Γ
(1)
N=4 derived in the framework of
N = 1 background field method [19]
exp{i Γ(1)N=4} =
∫
DU exp
{
i
2
tr
∫
d8z U
∼
✷U
}
(48)
where the integration variable U is an unconstrained real superfield. It is not difficult to
see that the representations (47) and (48) are equivalent. Really, because of eqs. (36)
and (45) we have a well defined and gauge covariant decomposition of U into a sum of
chiral–antichiral and linear parts
U = Ψ+ Ψ¯ + F D¯α˙Ψ = 0 D¯2F = 0 . (49)
Jacobian J of such a replacement of variables can be read off from
1 =
∫
DU exp
{
i
2
tr
∫
d8z U2
}
= J
∫
DΨ¯DΨDF exp
{
i tr
∫
d8z
(
Ψ¯Ψ +
1
2
F 2
)}
. (50)
If we fulfil the replacement of variables (49) in (48) and represent the corresponding
Jacobian as in the relation just obtained, we will end up with (47).
Another interesting representation for Γ
(1)
N=4 can be obtained when Φ is covariantly
constant and lies along a flat direction of the N = 2 SYM potential
DαΦ = 0 [Φ¯,Φ] = 0 (51)
what is consistent only if
[Wα,Φ] = [W¯α˙,Φ] = 0 . (52)
In this case we have
(⌢
✷F ij
)
| = ∆F ij| ∆ = DaDa −W αDα + W¯α˙D¯α˙ + 1
2
{Φ¯,Φ} . (53)
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The background gauge freedom can be used to make Φ constant. Then we stay with
unbroken gauge transformations leaving Φ invariant. Let us for simplicity consider SU(2)
in the role of gauge group (with the generators τa = 1√
2
σa) and choose the N = 2 strength
W in the z-direction
W = W 3τ 3 ≡ Wτ 3 Φ ≡ φτ 3 Wα ≡ Wατ 3 . (54)
Since only the U(1) subgroup generated by τ 3 is gauged, the z-components of all quantum
superfields F a, Ψa and Ψ¯a do not interact with the background superfields and, hence,
completely decouple. It is useful to combine the rest components into ones having definite
charge with respect to τ 3
V = F 1 − iF 2 τ 3V = eV
Ψ± = Ψ1 ∓ iΨ2 τ 3Ψ± = ±eΨ± (55)
with e =
√
2. Now, eq. (38) tells us
1
4
D¯2V = φeΨ+ 1
4
D¯2V¯ = −φeΨ− . (56)
These relations can be treated as the definition of chiral superfields Ψ+ and Ψ− in terms
of an unconstrained complex scalar superfield V and its conjugate. As a result, eq. (19)
becomes
exp{i Γ(1)N=4} =
∫ DV¯DV exp {− i
2
tr
∫
d8z V¯B∆V
}
∫ DV¯DV exp { i
2
tr
∫
d8z V¯BV
} (57)
where B denotes the following non-singular operator
B =
1
16
{D¯2,D2} − e2|φ|2 . (58)
Since V is unconstrained, from here we immediately get
exp{i Γ(1)N=4} =
∫
DV¯DV exp
{
i
2
tr
∫
d8z V¯∆V
}
(59)
where ∆ now reads
∆ = DaDa − eWαDα + eW¯α˙D¯α˙ + e2|φ|2 . (60)
The structure of operator ∆ is such that Γ
(1)
N=4 can be computed in the framework of the
N = 1 superfield Schwinger-DeWitt technique [21].
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4 Non-holomorphic corrections in N = 4 SYM
In the present we compute the leading non-holomorphic contribution to the one-loop
effective action of N = 4 SU(2) super Yang-Mills theory
Γ =
∫
d12zH(W, W¯) (61)
where the Abelian N = 2 strength W corresponds to the unbroken U(1) subgroup of
SU(2) in the Coulomb branch. Γ can be readily reduced to N = 1 superfields. Introducing
the N = 1 projections of W
φ =W| 2iWα = D2αW| (62)
one gets (see Refs. [9, 12] for more detail)
Γ =
∫
d8zWαWαW¯α˙W¯ α˙ ∂
4H(φ, φ¯)
∂φ2∂φ¯2
+ · · · (63)
where the dots mean the terms of third and lower orders in Wα and W¯α˙. To compute the
structure present here, it is sufficient to evaluate Γ
(1)
N=4 for constant φ and Wα, and such
a background is consistent with our restriction (9) used throughout the present paper.
In accordance with eqs. (59) and (60), we have
Γ
(1)
N=4 = −i
∫ ∞
0
ds
s
e−i(e
2|φ|2−iε)s
∫
d8z U(z, z|s) (64)
where U(z, z′|s) denotes the Schwinger’s kernel [21]
U(z, z′|s) = exp
{
−is
(
DaDa − eWαDα + eW¯α˙D¯α˙
)}
δ8(z − z′) . (65)
For computing Γ given by eq. (63) it is sufficient to use the approximation
U(z, z′|s) ≈ exp
{
is
(
eWαDα − eW¯α˙D¯α˙
)}
U0(z, z′|s) (66)
with U0(z, z′|s) the free Schwinger’s kernel [21]
U0(z, z′|s) = e−is∂a∂aδ8(z − z′) = i
(4piis)2
δ4(θ − θ′)e−i(x−x′)2/4s . (67)
Using the identity
1
16
D2D¯2δ4(θ − θ′) = 1
11
we obtain
Γ
(1)
N=4 ≈
e4
(4pi)2
∫
d8z WαWαW¯α˙W¯ α˙
∫ ∞
0
ds s e−s e
2|φ|2
=
1
(4pi)2
∫
d8z WαWαW¯α˙W¯ α˙ 1
φ2φ¯2
(68)
where all terms involving derivatives of Wα and W¯α˙ have been omitted. Comparing the
relation obtained with (63), we get
∂4H(W, W¯)
∂W2∂W¯2 =
1
(4pi)2
1
W2W¯2 . (69)
A general solution of this equation (modulo purely holomorphic terms) reads
H(W, W¯) = 1
(4pi)2
ln
W
Λ
ln
W¯
Λ
+ W f¯(W¯) + f(W)W¯ (70)
with some scale Λ and some holomorphic function f(W). The structures in the second
line are in conflict with the scale and chiral invariances of N = 4 SYM theory. Moreover,
all contributions to H(W, W¯) coming from the N = 2 supergraphs involve equal powers
of W and W¯. Therefore, we conclude
H(W, W¯) = 1
(4pi)2
ln
W
Λ
ln
W¯
Λ
=
1
4(4pi)2
ln
W2
Λ2
ln
W¯2
Λ2
. (71)
Our final expression for Γ coincides with the result of N = 1 calculations announced
in [15] as well as with that obtained by indirect methods in projective superspace [16].
The overall sign for H(W, W¯) can be readily determined, if we compare the coefficient
for (WW¯)2 in a power series expansion of H(W, W¯), with respect to some point W0,
with similar N = 1 quantum corrections quadric in Wα and W¯α˙ which were found in
Superspace [22]. In a separate paper we are going to compute H(W, W¯) directly in
N = 2 harmonic superspace and without any restrictions on the background N = 2 gauge
superfield.
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